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We investigate how correlated fluctuations affect oscillatory features in rephasing and non-rephasing two-
dimensional (2D) electronic spectra of a model dimer system. Based on a beating map analysis, we show
that non-secular environmental couplings induced by uncorrelated fluctuations lead to oscillations centered at
both cross- and diagonal-peaks in rephasing spectra as well as in non-rephasing spectra. Using an analytical
approach, we provide a quantitative description of the non-secular effects in terms of the Feynman diagrams
and show that the environment-induced mixing of different inter-excitonic coherences leads to oscillations
in the rephasing diagonal-peaks and non-rephasing cross-peaks. We demonstrate that as correlations in the
noise increase, the lifetime of oscillatory 2D signals is enhanced at rephasing cross-peaks and non-rephasing
diagonal-peaks, while the other non-secular oscillatory signals are suppressed. We discuss that the asymmetry
of 2D lineshapes in the beating map provides information on the degree of correlations in environmental
fluctuations. Finally we investigate how the oscillatory features in 2D spectra are affected by inhomogeneous
broadening.
I. INTRODUCTION
In the first step of the light-harvesting process1,2, the
neutral electronic excitations (excitons) created by light
absorption are transferred through the molecular system
until free charge carriers are generated by exciton dis-
sociation1,2. The interaction between electronic and vi-
brational degrees of freedom governs the exciton transfer
dynamics, such as coherent and incoherent features in
energy transport3–5.
Two-dimensional electronic spectroscopy (2DES) has
been employed to study the exciton transfer dynam-
ics in the light-harvesting systems on a sub-picosecond
timescale6. For various natural7–12 and artificial13–20
systems, oscillatory signals observed in 2D experiments
have been interpreted as a signature of quantum coher-
ences within the molecular system, coherence that is
generated by laser pulses but sustained by the intrin-
sic dynamics. These coherences can originate in princi-
ple from both electronic and vibrational degrees of free-
dom. The electronic states of the light-harvesting sys-
tems are coupled to their vibrational environments with
a moderate coupling strength, such that electronic coher-
ences are not completely washed out by the environment-
induced noise. The intra-pigment vibrations of the light-
harvesting systems exhibit underdamped vibrational mo-
tions on a picosecond timescale, which can leads to vi-
brational coherences in the electronic ground state man-
ifold21,22. A vibronic (electronic-vibrational) coupling
between electronic states and underdamped vibrational
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motions leads to a mixing of electronic and vibrational
degrees of freedom, inducing vibronic coherences in the
electronic excited state manifold22–30. A model dimer
system has been widely employed to investigate how
electronic-vibrational interactions are reflected in spec-
troscopy27–33.
For various light-harvesting systems, 2DES has demon-
strated the presence of long-lived quantum coherences,
which are sustained beyond the lifetime of optical coher-
ences between electronic ground and excited states7–17.
To identify the microscopic origin of the long-lived os-
cillatory signals observed in 2D experiments, several hy-
potheses have been formulated to explain how quantum
coherences are sustained under a noisy environment at
ambient conditions. Coherent vibronic coupling has been
shown to induce long-lived vibronic coherences when the
vibrational frequency is resonant with the energy-level
difference between exciton states22–28 and the vibronic
coupling strength is moderate in magnitude17,27. In this
case, oscillatory 2D signals originate from the combina-
tion of excited-state vibronic coherence and ground-state
vibrational coherence, as they originate from the same
mechanism, namely the vibronic Hamiltonian. Recent
2D experiments on J-aggregates of cyanine dyes17 con-
firmed the validity of this theoretical approach. Other
experimental results on a synthetic dimer15,34 pointed
towards the need of a threshold in the vibronic coupling
strength to allow vibronic mixing to be relevant under
environmental effects.
Correlated fluctuations in the transition energies of
neighboring pigments have been suggested as an alter-
native mechanism where purely electronic coherences in
the excited state manifold induce long-lived oscillatory
2D signals3,35,36. In the correlated fluctuation model,
where underdamped vibrational motions are not consid-
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2ered, uncorrelated noise between electronic ground and
excited states leads to the finite homogeneous broadening
of 2D spectra, while highly correlated noise between dif-
ferent excited states induces long-lived inter-excitonic co-
herences. This purely electronic coherence model is simi-
lar in spirit to the decoherence-free subspaces in quantum
information science37,38. Correlated fluctuations have
been shown to enhance the lifetime of coherent features in
electronic motions, such as population dynamics36,39–43.
Correlated fluctuations have also been considered in the
simulations of 2D electronic spectroscopy44,45. Using the
secular Redfield theory, it was found that uncorrelated
and correlated fluctuation models give very similar ab-
sorption spectra and rephasing diagonal-peaks, but show
large differences in rephasing cross-peak regimes44. The
enhancement of the lifetime of 2D oscillations was ob-
served for rephasing diagonal- and cross-peaks, but the
diagonal-peak oscillations were attributed to the over-
lap of non-oscillatory diagonal-peaks with nearby oscil-
lating cross-peaks44. It was found that correlations in
the noise can alter the relative phase between diagonal-
and cross-peak oscillations45. Correlations in inhomoge-
neous broadening have also been considered in the con-
text of 2DES where correlated and anti-correlated static
disorder lead to cross-peaks strongly elongated along di-
agonal and anti-diagonal directions, respectively46. A
similar feature was observed in the simulations of 2D in-
frared (IR) spectroscopy in the slow bath limit, while
different correlation models lead to similar Lorentzian
2D lineshapes in the fast bath limit47. However, it is
unclear what the microscopic origin of such correlations
is. Quantum mechanics/molecular mechanics (QM/MM)
simulations of photosynthetic systems, such as the Fenna-
Matthews-Olson (FMO) complex48,49 and phycoerythrin
545 (PE545) complex50, for instance, have shown no ev-
idence of spatially correlated fluctuations. This is con-
trary to the 2D experiments on the FMO complex9,10,
colloidal semiconductor nanoplatelets18 and J-aggregates
of porphyrins19, where the presence of correlated fluctu-
ations was suggested. The discrepancy between theory
and experiment shows the need for further investigations
of how the degree of correlations in the noise is reflected
in experimental observables, so that the presence of cor-
related fluctuations can be verified or ruled out based
upon experimental results.
In this work, we employ the Bloch-Redfield equa-
tion36,51 where the degree of correlations in the noise
is parameterized by a continuous variable to investi-
gate how the correlations affect the oscillatory features
in rephasing and non-rephasing 2D spectra of a model
dimer system. We do not include underdamped vibra-
tional modes in the model to focus on the influence of
spatial noise correlations on optical responses without
vibronic effects. The employed Bloch-Redfield equation
includes non-secular environmental couplings between
exciton populations and inter-excitonic coherences, and
also the non-secular interaction between different inter-
excitonic coherences. These non-secular terms are disre-
garded in the secular approximation, where the dynamics
of exciton populations are decoupled from those of inter-
excitonic coherences. The secular terms describe the re-
laxation between exciton populations and the decay of
inter-excitonic coherences, independently.
We show that in the absence of noise correlations,
non-secular environmental couplings induce oscillatory
2D signals centered at both cross- and diagonal-peaks
in rephasing spectra as well as in non-rephasing spec-
tra. In Ref. 52, it was found that rephasing diagonal-
peaks show notable oscillatory features when non-secular
couplings are taken into account in simulations. The
origin of the oscillations was attributed to the non-
secular interaction between exciton populations and co-
herences52,53. It was also shown that the diagonal-peak
oscillations are suppressed when the secular approxima-
tion is employed, even though both diagonal- and cross-
peaks showed similar amplitudes of oscillations52. In
this work, to clarify the contribution of non-secular ef-
fects to rephasing diagonal- and non-rephrasing cross-
peak oscillations (non-secular oscillations) in the pres-
ence of spectral overlap of diagonal- and cross-peaks, we
provide a quantitative beating map analysis in terms of
the eigenstates of the Liouville space operator with as-
sociated Feynman diagrams. The beating map analysis
helps to clarify whether the oscillation of a given 2D peak
originates from itself or merely from the overlap with
nearby oscillating peaks. For a homodimer, we show that
the non-secular oscillations can be induced by the non-
secular coupling between different inter-excitonic coher-
ences, even if their dynamics are decoupled from those
of exciton populations. For a heterodimer, where the
dynamics of exciton populations and coherences are all
coupled to one another, we show that the non-secular os-
cillations are dominated by the mixing of different inter-
excitonic coherences, rather than population-coherence
mixing suggested in Refs. 52 and 53. In addition, we
show that the uncorrelated noise can induce asymmet-
ric lineshapes of homogeneously broadened 2D peaks in
the beating map, elongated along excitation or detection
axis, when the broadening is dominated by relaxation,
rather than pure dephasing noise. For the FMO com-
plex, small pure dephasing rates have been identified as
a condition for the oscillations of rephasing cross-peaks54.
Finally we show that as the degree of correlations in the
noise increases, the lineshape of absorption and 2D elec-
tronic spectra, including both diagonal- and cross-peaks,
is significantly changed, as the homogeneous broaden-
ing starts to be dominated by pure dephasing, rather
than relaxation. We show that the noise correlations in-
duce long-lasting oscillations in the rephasing cross-peaks
and non-rephasing diagonal-peaks with suppressed non-
secular oscillations, leading to symmetric 2D lineshapes
in the beating map. We discuss that the asymmetry of 2D
lineshapes can provide information on the degree of cor-
related fluctuations in J-aggregates17 and colloidal semi-
conductor nanoplatelets18, for which asymmetric line-
shapes elongated along the excitation axis were observed
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FIG. 1. A schematic representation of (a) local phonon baths
and (b) a shared phonon bath. In (a), a phonon mode b1k
is locally coupled to site 1. In (b), a phonon mode b1k is
coupled to both sites 1 and 2 with the relative electron-phonon
coupling strengths quantified by η and ζ, respectively.
in 2D experiments.
II. THE MODEL
To investigate how correlations in the noise are re-
flected in two-dimensional electronic spectroscopy, we
consider a dimer system consisting of two sites coherently
coupled by an electronic coupling J . The Hamiltonian of
the dimer system is modeled by
He = ~Ω1σ+1 σ
−
1 + ~Ω2σ
+
2 σ
−
2 + ~J(σ
+
1 σ
−
2 + σ
−
1 σ
+
2 ), (1)
with Ωk denoting the energy level of the site k, σ
−
1 =
|g1〉 〈e1| ⊗ 1 2 and σ−2 = 1 1 ⊗ |g2〉 〈e2| represent the an-
nihilation operators of the electronic excitation at sites
1 and 2, respectively, with |gk〉 and |ek〉 denoting the
ground and excited states of the site k, respectively, with
1 k = |gk〉 〈gk| + |ek〉 〈ek|. The electronic eigenstates of
He are expressed as
|g〉 = |g1, g2〉 , (2)
|1〉 = − sin(θ) |e1, g2〉+ cos(θ) |g1, e2〉 , (3)
|2〉 = cos(θ) |e1, g2〉+ sin(θ) |g1, e2〉 , (4)
|f〉 = |e1, e2〉 , (5)
with θ = 12 tan
−1(2J/(Ω1 − Ω2)) for Ω1 ≥ Ω2. The asso-
ciated eigenvalues are given by
g = 0, (6)
1 =
1
2
(
Ω1 + Ω2 −
√
(Ω1 − Ω2)2 + 4J2
)
, (7)
2 =
1
2
(
Ω1 + Ω2 +
√
(Ω1 − Ω2)2 + 4J2
)
, (8)
f = Ω1 + Ω2, (9)
where 1 < 2 and the bi-exciton binding energy is not
considered for the sake of simplicity, leading to f =
1 + 2. Here |g〉 represents a common ground state, |1〉
and |2〉 are low and high energy single exciton states,
respectively, and |f〉 is a bi-exciton state.
The phonon environment coupled to the electronic
states is modeled by independent harmonic oscillators
Hp =
∑
k
(~ωkb†1kb1k + ~ωkb
†
2kb2k), (10)
where the dephasing interaction between electronic states
and phonon environment is chosen to be of the form
He−p = σ+1 σ
−
1 ⊗
∑
k
~gk(η(b†1k + b1k) + ζ(b
†
2k + b2k))
+ σ+2 σ
−
2 ⊗
∑
k
~gk(η(b†2k + b2k) + ζ(b
†
1k + b1k)),
(11)
where the phonon mode b1k (or b2k) of frequency ωk
is coupled to both sites 1 and 2 with relative cou-
pling strengths quantified by dimensionless scaling fac-
tors 0 ≤ η ≤ 1 and ζ ≡
√
1− η2 (or ζ and η), respec-
tively. The electron-phonon couplings gk are modeled
by a shifted Ohmic spectral density, as will be discussed
below. When η = 1, leading to ζ = 0, the phonon en-
vironment is reduced to local phonon baths, where the
phonon modes bjk are locally coupled to site j, inducing
spatially uncorrelated noise. When η 6= 0 and ζ 6= 0,
the phonon environment is reduced to a shared phonon
bath, as the phonon modes are coupled to both sites 1
and 2, leading to spatially correlated noise. A schematic
representation of the local and shared phonon baths is
displayed in Fig. 1. The degree of correlations in the
noise is quantified by a correlation length ξ defined by
exp(−d/ξ) = 2ηζ ∈ [0, 1] with d denoting the distance
between sites 1 and 2.
In this work, we employ the Bloch-Redfield
formalism36,51 to describe the dynamics of the dimer
system based on the Hamiltonian above. This formalism
4is well suited for describing the effect of correlated
fluctuations36, including the existence of partial cor-
relations, as summarized in Appendix A. The phonon
environment is modeled by a shifted Ohmic spectral
density54
J (ω) = λ
pi
(
γω
γ2 + (ω − Ωs)2 +
γω
γ2 + (ω + Ωs)2
)
, (12)
where λ denotes the reorganization energy, defined by
~λ = ~
∫∞
0
dωJ (ω)ω−1, and γ is the bath relaxation
rate. For the FMO complex, small pure dephasing rates
have been identified as a condition for the oscillations of
rephasing cross-peaks54. In this work, we take the shift
Ωs of the phonon spectral density to be resonant with the
exciton splitting, i.e. Ωs = |2 − 1|, so that the homoge-
neous broadening is dominated by relaxation, rather than
pure dephasing, as discussed in Appendix A. In simula-
tions, we take a fast bath relaxation rate of γ = (50 fs)−1,
corresponding to a broad spectral density, to avoid vi-
bronic effects induced by underdamped modes, such as
vibronic progressions or mixing in absorption55 and 2D
spectra. With the Bloch-Redfield equation, we simulate
2D electronic spectra in the impulsive limit with the as-
sumption that the transition dipoles of sites 1 and 2 are
mutually orthogonal, as discussed in Appendix B.
III. RESULTS
In this section, we provide a beating map analysis of
rephasing and non-rephasing spectra of a model dimer
system to demonstrate how non-secular environmental
couplings and correlated fluctuations affect the oscilla-
tory features in 2D spectra. We will consider two cases
in the simulations: a homodimer, where both sites 1 and
2 have the same site energy ~Ω1,2 = 12500 cm−1, and a
heterodimer, where the two sites have different site en-
ergies, ~Ω1 = 12600 cm−1 and ~Ω2 = 12400 cm−1. For
both cases, the electronic coupling between sites is taken
to be ~J = 100 cm−1, and the phonon bath is modeled
by typical values encountered in natural photosynthetic
systems3: ~λ = 50 cm−1, γ = (50 fs)−1 and T = 77 K. We
will also show how the beating map is changed by static
disorder. The numerical results, which will be provided
in this section, are investigated analytically in Appendix
D in full detail.
Before we provide a beating map analysis, we demon-
strate in Fig. 2 that correlated fluctuations can modify
absorption and 2D lineshapes when homogeneous broad-
ening is dominated by relaxation, and induce long-lived
2D oscillations within the Bloch-Redfield formalism. For
the homodimer, Fig. 2(a) shows the absorption spectrum
when correlations in the noise are negligible (i.e. local
phonon baths). The high-energy absorption peak cen-
tered at 2 = 1.26 × 104 cm−1 is broader than the low-
energy peak centered at 1 = 1.24 × 104 cm−1. This is
due to the fact that the homogeneous broadening is dom-
inated by relaxation in the model, where the broadening
of the low-energy peak is dominated by pure dephasing
only, while the high-energy peak is broadened by both
relaxation and pure dephasing. A larger broadening of
the high-energy peak makes its amplitude smaller than
the low-energy peak. As shown in Figs. 2(b) and (c), the
amplitude and homogeneous broadening of two peaks be-
come similar as correlations in the noise increase, where
the broadening is dominated by pure dephasing with sup-
pressed relaxation.
In Fig. 2(d), the real part of the rephasing spectra at
waiting time t2 = 0 is displayed for the case that corre-
lations in the noise are absent. The high-energy diago-
nal peak R22 (cf. four peaks marked by black circles in
Fig. 2(d)) is hardly visible, as expected from the small
amplitude of the high-energy absorption peak shown in
Fig. 2(a). The amplitude of upper-diagonal cross-peak
R12 is larger than lower-diagonal cross-peak R21. This
is due to the excited state absorption (ESA) signals. In
Fig. 2(j), the sum of ground state bleaching (GSB) and
stimulated emission (SE) contributions to the rephasing
spectra is displayed where the main peak is R11, as its
amplitude and broadening along excitation and detec-
tion axes are governed by the lineshape of the low-energy
absorption peak (cf. Feynman diagrams in Fig. 2(j)).
In Fig. 2(k), the ESA contribution is displayed where
the main peak is R12 centered at detection frequency of
ω3 = 2. Here the coherence |f〉 〈1| between bi-exciton
and low-energy exciton state leads to the ESA peak cen-
tered at ω3 = f − 1 = 2, as described in the Feynman
diagram in Fig. 2(k), leading to a large amplitude and a
narrow linewidth along ω3-axis, similar to the low-energy
absorption peak. Figs. 2(e) and (f) show that the rephas-
ing lineshape becomes more symmetric and high-energy
diagonal peak R22 starts to have a larger amplitude as
correlations in the noise increase.
Figs. 2(g)-(i) show how the dynamics of lower-diagonal
cross-peak R21 are affected by the degree of correlations
in the noise. For uncorrelated noise, the cross-peak R21
shows oscillatory dynamics up to t2 ≈ 300 fs, as shown
in Fig. 2(g). As the correlation length ξ increases, the
lifetime of the oscillations in R21 is increased as shown
in Figs. 2(h) and (i), describing partially and fully corre-
lated noise, respectively. These results demonstrate that
correlations in the noise can enhance the lifetime of ex-
cited state coherences, as expected from Refs. 36, 39–
44, leading to persistent oscillatory 2D signals when
ξ/d → ∞. The advantage of the current formalism is
that we can tune ξ to cover the two extreme cases of
completely uncorrelated and perfectly correlated noise.
To investigate in detail how correlations in the noise
affect the oscillatory 2D signals, we use a beating map
analysis, which visualizes the lineshape of oscillatory
2D signals in the (ω1, ω3) domain as a function of the
beating frequency ω2. To this end, we extract oscilla-
tory components from the total 2D spectra that con-
tain both damped oscillations and non-oscillatory com-
ponents. The non-oscillatory components include expo-
nential and static t2-transients (cf. Figs. 2(g) and (h)).
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FIG. 2. Absorption (Abs.), the real part of rephasing 2D spectra at waiting time t2 = 0 and the t2-transient of the lower-
diagonal cross-peak R21 centered at (ω1, ω3) = (2, 1) with 1 = 1.24 × 104 cm−1 and 2 = 1.26 × 104 cm−1. In (a), (d), (g),
(j), (k), we consider local phonon baths characterized by a short correlation length ξ = 10−3d, leading to e−d/ξ ≈ 0. In (b),
(e), (h), we consider an intermediate case where ξ = 3d, leading to e−d/ξ ≈ 0.7. In (c), (f), (i), we consider a shared phonon
bath characterized by a long correlation length ξ = 103d, leading to e−d/ξ ≈ 1. In (j), the sum of GSB and SE contributions
to 2D spectra shown in (d) is displayed with the Feynman diagrams responsible for the main peak R11. In (k), the ESA
contribution to (d) is displayed with the Feynman diagram for the main peak R12. The ESA contribution makes R12 stronger
than R21 in both (d) and (e). Here we employed ~Ω1 = ~Ω2 = 12500 cm−1, ~J = 100 cm−1, ~λ = 50 cm−1, γ = (50 fs)−1
(cf. ~γ ≈ 106 cm−1), ~Ωs = 200 cm−1 and T = 77 K.
In 2D experiments, the oscillatory components are ex-
tracted from raw 2D spectra by fitting multi-exponentials
to the raw t2-transients for each (ω1, ω3) value, or by fit-
ting 2D decay-associated spectra (2DDAS) to the raw 2D
data11–13,17. In this work, we directly calculate the oscil-
latory components by removing time-evolution operator
components leading to non-oscillatory 2D signals, which
will be detailed in Appendix D. By avoiding the fitting
procedure in simulations, one can avoid potential arte-
facts and numerical errors in the beating map. Through-
out this work, the response function that only contains
the oscillatory components is denoted by S(ω1, t2, ω3),
while the total response function that contains both os-
cillatory and non-oscillatory signals is represented by
S(ω1, t2, ω3). The oscillatory component S(ω1, t2, ω3) is
generally expressed as a sum of complex-valued damped
6(a) S(ω1, t2,ω3), t2 = 0
S(ω1,ω2,ω3), !ω2 = 200 cm−1(e)
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R21
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FT
FIG. 3. A schematic representation of beating map calcula-
tion. In (a), 2D spectra S(ω1, t2, ω3) at t2 = 0 are displayed
(cf. Fig. 2(d)). In (b), t2-transient of the cross-peak R21
is shown (cf. Fig. 2(g)). The transient consists of (c) non-
oscillatory component S−S, including exponential and static
t2-transients, and (d) oscillatory component S = S(ω1, t2, ω3)
(see text). By extracting the oscillatory components S from
the raw 2D spectra S for each (ω1, ω3) value and Fourier trans-
forming S with respect to t2, one can obtain the beating map
in the (ω1, ω2, ω3) domain, as shown in (e), where the beating
frequency ω2 is taken to be the exciton splitting of |2 − 1|.
In (a)-(d), we display the real part of S for the sake of sim-
plicity, but the imaginary part of S is also included in the
computation of the beating map S(ω1, ω2, ω3) (see text). We
note that in this work, S0.1 is displayed (cf. Fig. 4(b)), instead
of S (cf. (e) and Fig. 5(a)), to make small amplitudes more
visible.
oscillations, i.e. S(ω1, t2, ω3) =
∑
k Ak(ω1, ω3)e
(ivk−Γk)t2
with frequencies vk and associated damping rates Γk.
We evaluate the beating map by Fourier transforming
S(ω1, t2, ω3) with respect to the waiting time t2
S(ω1, ω2, ω3) =
∣∣∣∣∫ ∞
0
dt2S(ω1, t2, ω3) exp(−iω2t2)
∣∣∣∣ ,
(13)
where ω2 is the beating frequency. Here we consider
a complex-valued response function S(ω1, t2, ω3), rather
than only its real or imaginary part, so that we retain the
full information of the oscillatory signals. In this way,
we can distinguish positive and negative frequency com-
ponents that oscillate in the form of exp(i |v| t2 − Γt2)
and exp(−i |v| t2 − Γt2), respectively, with an overall
decay rate of Γ. The positive and negative frequency
components are reflected in the beating map as the
Lorentzian functions centered at ω2 = |v| and ω2 =
− |v|, respectively, with a width of Γ along ω2-axis. A
schematic representation of the beating map evaluation
is shown in Fig. 3. A separate analysis of positive and
negative frequency components has been employed to
distinguish electronic and vibrational coherences for a
model quantum dot system56 and experimentally esti-
mate the Hamiltonian and decoherence rates of an atomic
vapour57.
In Fig. 4, we show the resulting beating map of the
rephasing spectra of a homodimer with the parameters
used in Fig. 2. Figs. 4(a)-(c) show the case of lo-
cal phonon baths considered in Figs. 2(d) and (g). In
Fig. 4(a), the beating map at a negative frequency of
ω2 = − |2 − 1| is displayed, which is dominated by the
upper-diagonal cross-peak R12. This is due to the inter-
excitonic coherence in the form of |2〉 〈1|, where |1〉 and
|2〉 denote lower and higher energy single exciton states,
respectively. The inter-excitonic coherence leads to the
negative frequency component, as 2 > 1. It is notable
that there are weak diagonal-peaks centered at R11 and
R22, which are not artefacts of the beating map calcu-
lations. Here the maximum value of S ≡ S(ω1, ω2, ω3)
is normalized to 1, i.e. 0 ≤ S ≤ 1, and S0.1 is dis-
played instead of S, so that the small amplitudes are
more visible in the beating map. In Fig. 4(b), the beating
map at a positive frequency of ω2 = |2 − 1| is shown,
where the lower-diagonal cross-peak R21 is induced by
the inter-excitonic coherence in the form of |1〉 〈2|. In-
terestingly, all the other peaks R11, R12 and R22 are
visible in Fig. 4(b) and the amplitude of R11 is compa-
rable to that of R21.
To understand the lineshape of oscillatory signals in
more detail, Fig. 4(c) displays the amplitudes of the
cross- and diagonal-peaks as a function of the beating
frequency ω2. The cross-peaks R12 and R21 are cen-
tered at the negative and positive beating frequencies,
respectively. The large amplitude and broadening of the
R12 peak explains the reason why R12 is visible in both
Figs. 4(a) and (b). Interestingly, the diagonal-peak R11
has comparable amplitudes at both positive and neg-
ative frequencies, contrary to the cross-peaks R12 and
R21. We note that the diagonal-peak R11 in the beat-
ing map does not originate from the overlap of the ho-
mogeneously broadened cross-peaks R12 and R21. As
shown in Fig. 5(a), where S is displayed instead of S0.1,
the homogeneous broadening of the cross-peaks is not
large enough to dominate the amplitude of the diagonal-
peak R11. More specifically, the distance between R11
and R21 is the same to that between R21 and point A,
marked by a purple circle. Since the regime around point
A has no overlap with other peaks, the amplitude of the
homogeneously broadened cross-peak R21 at the position
of R11 can be approximately estimated by the value of S
at point A (cf. Fig. 5(b)). Similarly, the amplitude of the
homogeneously broadened cross-peak R12 at the position
of R11 can be approximately estimated by the value of S
at point B, marked by a light blue circle (cf. Fig. 5(c)).
The contribution of the cross-peaks R12 and R21 to the
amplitude of R11 is more than two times smaller than the
amplitude of R11, implying that the diagonal-peak does
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FIG. 4. The beating map of complex-valued rephasing spectra that visualizes the lineshape of oscillatory 2D signals at a
frequency of ω2. In (a)-(c), we consider local phonon baths with the parameters used in Fig. 2(a). In (a), the lineshape of
oscillatory signals in the form of exp(iω2t2 − Γt2) is displayed with a negative frequency of ~ω2 = −~ |2 − 1| = −200 cm−1
and an overall decay rate of Γ. Here the maximum value of S ≡ S(ω1, ω2, ω3) is normalized to 1, i.e. 0 ≤ S ≤ 1, and S0.1 is
displayed instead of S, so that the small amplitudes are more visible in the beating map. In (b), the lineshape of oscillatory
signals with a positive frequency of ~ω2 = ~ |2 − 1| = 200 cm−1 is displayed. It is notable that the lineshape of R21 is
asymmetric with a larger homogeneous broadening along ω1-axis when compared to the broadening along ω3-axis. In both
(a) and (b), there are oscillations centered at the lower diagonal-peak R11. In (c), the amplitudes of the cross-peaks R12 and
R21 and diagonal-peaks R11 and R22 in the beating map are displayed as a function of the beating frequency ω2. Here S is
displayed instead of S0.1. The cross-peaks R12 and R21 are centered at negative and positive beating frequencies, respectively.
On the other hand, the diagonal-peak R11 has comparable amplitudes at both positive and negative frequencies. In (d)-(f), we
consider an intermediate case with the parameters used in Fig. 2(b). In (d) and (e), the lineshape of the cross-peaks R12 and
R21 is more symmetric and the diagonal-peak R11 is less visible when compared to the case of the uncorrelated noise shown in
(a)-(c). In (g)-(i), we consider a shared phonon bath with the parameters used in Fig. 2(c). In (g) and (h), the diagonal-peaks
R11 and R22 are not visible, and the lineshape of the cross-peaks R12 and R21 is symmetric along the ω1- and ω3-axes. In (i),
all the peaks have very narrow linewidths along ω2-axis, as the overall decay rate Γ of the oscillatory 2D signals is very low
due to the highly correlated noise (cf. Fig. 2(i)). In (i), the diagonal-peaks R11 and R22 have very small amplitudes, but this
is due to the homogeneous broadening of the cross-peaks R12 and R21 along ω1- and ω3-axes, as the diagonal-peaks are not
visible in (g) and (h).
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FIG. 5. The cross sections of the rephasing beating map
shown in Fig. 4(b). In (a), S is displayed instead of S0.1
(cf. Fig. 4(b)). To demonstrate that the oscillations in the
diagonal-peak R11 do not originate from the overlap of the ho-
mogeneous broadening of the cross-peaks R12 and R21, in (b),
S is shown as a function of ω1 for ω3 = 1 = 1.24× 104 cm−1,
while in (c), S is displayed as a function of ω3 for ω1 = 1 =
1.24× 104 cm−1. The sum of the values of S at points A and
B is ∼ 0.044, which is more than two times smaller than the
value of R11 (∼ 0.106). This implies that if one assumes that
the cross-peaks R12 and R21 have the Lorentzian lineshapes,
the amplitude of the diagonal-peak R11 cannot be explained
by the overlap of the homogeneously broadened cross-peaks
R12 and R21.
not originate solely from the overlap of the cross-peaks.
So far we have analyzed the beating map for the case
that correlations in the noise are absent (cf. Figs. 4(a)-
(c)). We now show how correlations in the noise
change features of the beating map (cf. Figs. 4(d)-(i)).
Figs. 4(d)-(f) show the beating map in the presence of
partially correlated noise (cf. Figs. 2(e) and (h)), while
Figs. 4(g)-(i) display the case of fully correlated noise
(cf. Figs. 2(f) and (i)). It is notable that the overall 2D
lineshapes become more symmetric as correlations in the
noise increase. For instance, the asymmetric lineshape
of the cross-peak R21 elongated along ω1-axis becomes
more symmetric as the correlation length ξ increases, as
shown in Figs. 4(b), (e) and (h). Note also that the am-
plitude of the diagonal peak R11 is suppressed as the
correlation length ξ increases. Indeed, R11 is not visible
at all for fully correlated noise, as shown in Figs. 4(g) and
(h). These results demonstrate that uncorrelated noise
can induce oscillations in the rephasing diagonal-peaks
and make the lineshapes of the rephasing cross-peaks
asymmetric in the beating map. Conversely, correlations
in the noise suppress these features, leading to symmet-
ric lineshapes of the rephasing cross-peaks in the beating
map with suppressed diagonal oscillations.
In Fig. 6, we now show that the characteristics of the
rephasing beating map of a heterodimer is similar to that
of the homodimer, shown in Fig. 4. We also show that
the qualitative features of non-rephasing beating maps
are significantly affected by correlations in the noise, as
is the case for rephasing beating maps. Fig. 6(a) shows
rephasing beating maps of the heterodimer in the ab-
sence of correlations in the noise at negative and posi-
tive frequencies ω2 = ∓ |2 − 1|. Here the oscillations
occur at both cross-peaks R12 and R21 as well as at
the diagonal-peaks R11 and R22. Note that the am-
plitude of the upper diagonal-peak R22 is more visible
when compared to the case of the homodimer shown in
Fig. 4(b). Fig. 6(b) shows the rephasing beating maps in
the presence of highly correlated noise, where the oscil-
latory 2D signals occur only at the cross-peaks, as in the
case of the homodimer. Figs. 6(c) and (d) show the non-
rephasing beating maps of the homodimer considered in
Fig. 4. In the absence of correlations in the noise, oscilla-
tory non-rephasing signals occur at both diagonal-peaks
N11 and N22 as well as at the cross-peaks N12 and N21,
as shown in Fig. 6(c). In the presence of highly corre-
lated noise, the oscillations occur only at the diagonal-
peaks N11 and N22, as shown in Fig. 6(d). Note that the
asymmetric lineshape of the diagonal-peak N22 becomes
more symmetric as correlations in the noise increase. The
non-rephasing beating map of a heterodimer shows sim-
ilar features, as demonstrated in Figs. 6(e) and (f). In
Fig. 6(e), the diagonal-peak N22 shows a seemingly dis-
continuous lineshape due to the interference of the oscil-
latory signals from the SE and ESA contributions, where
each contribution leads to continuous 2D lineshapes in
the beating map (not shown here).
These results demonstrate that in the absence of cor-
relations in the noise, the oscillations in rephasing and
non-rephasing spectra can appear at both cross- and
diagonal-peaks with asymmetric lineshapes in the beat-
ing map. These features are suppressed as correlations
in the noise increase, leading to oscillatory signals cen-
tered only at rephasing cross-peaks and non-rephasing
diagonal-peaks with symmetric lineshapes. This is con-
trary to the simulated 2D spectra based on the Redfield
equation within the secular approximation, where the os-
cillations occur only at rephasing cross-peaks and non-
rephasing diagonal-peaks, even in the absence of correla-
tions in the noise21. This suggests that the non-secular
environmental couplings in the Bloch-Redfield equation,
which couple the dynamics of an inter-excitonic coher-
ence to that of the other inter-excitonic coherences and
exciton populations36, may be responsible for our ob-
servations, as suggested in Refs. 52 and 53 for rephas-
ing spectra without a quantitative description. We note
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FIG. 6. The rephasing beating map of a heterodimer and the non-rephasing beating map of homo- and heterodimers. In
(a) and (b), we consider a heterodimer modeled by ~Ω1 = 12600 cm−1, ~Ω2 = 12400 cm−1, ~J = 100 cm−1, ~λ = 50 cm−1,
γ = (50 fs)−1, ~Ωs = ~ |2 − 1| ≈ 283 cm−1 and T = 77 K. In (a) and (b), the correlation length is taken to be ξ = 10−3d
(local phonon baths) and ξ = 103d (a shared phonon bath), respectively, for which the rephasing beating maps at negative
and positive frequencies ω2 = ∓ |2 − 1| are displayed. In (c) and (d), where ξ = 10−3d and ξ = 103d, respectively, the non-
rephasing beating maps of a homodimer are displayed with the model parameters used in Fig. 2. In (e) and (f), where ξ = 10−3d
and ξ = 103d, respectively, the non-rephasing beating maps of a heterodimer are displayed with the model parameters used in
(a) and (b).
that our observations are not sensitive to model param-
eters, as shown in Appendix C and Fig. 7, where un-
correlated static disorder is taken into account in 2D
simulations. For small static disorder with a full width
at half maximum (FWHM) of 50 cm−1, asymmetric 2D
lineshapes, rephasing diagonal-peak and non-rephasing
cross-peak oscillations are visible in simulations. For
larger static disorder with a FWHM of 100 cm−1, 2D line-
shapes start to be elongated along the diagonal due to
inhomogeneous broadening, but rephasing diagonal-peak
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and non-rephasing cross-peak oscillations are still visible.
In Appendix D, we investigate this issue analytically to
clarify how the non-secular terms and correlations in the
noise affect oscillatory features in 2D spectra and how
the non-secular effects can be described quantitatively
with Feynman diagrams. For the homodimer, we show
that non-secular oscillations are induced by non-secular
interaction between different inter-excitonic coherences,
as the dynamics of exciton populations are decoupled
from those of coherences. For the heterodimer, where
the populations and coherences are all coupled to one an-
other, we show that non-secular oscillations are mainly
induced by the mixing of different coherences, rather than
population-coherence mixing, contrary to the suggestions
in Refs. 52 and 53.
IV. DISCUSSION
In Ref. 17, three of the present authors demonstrated
that the experimentally observed asymmetric lineshape
in the rephasing beating map of J-aggregates cannot be
explained by a correlated fluctuation model within the
secular approximation. The asymmetric lineshape of the
rephasing cross-peak of J-aggregates was found to origi-
nate from the fast population relaxation from higher to
lower energy excitons17. The present results based on the
Bloch-Redfield equation beyond the secular approxima-
tion further support the claim that when the oscillatory
2D signals have a long lifetime, and the lineshapes in the
beating map are sufficiently asymmetric, long-lived beat-
ing signals are not dominated by correlated fluctuations.
In Ref. 17, it was found that homogeneous broadening
dominates the 2D lineshapes of J-aggregates and the ex-
citon splitting is of the order of ∼ 700 cm−1. For such
a large exciton splitting, non-secular effects are unlikely
to induce notable signatures in oscillatory 2D signals,
which are in line with the results shown in Ref. 58 based
on quantum process tomography.
In Ref. 18, the experimentally measured 2D spectra
of colloidal semiconductor nanoplatelets were reported,
where heavy- and light-hole excitons exhibit lower and
higher energy peaks in 2D spectra. It was found that
the 2D lineshapes of the semiconductor system are dom-
inated by homogeneous broadening, and the broaden-
ing of the higher energy exciton is approximately three
times larger than that of the lower energy exciton, leading
to asymmetric 2D lineshapes in the (ω1, t2, ω3) domain:
a beating map analysis in the (ω1, ω2, ω3) domain was
not provided in Ref. 18. Given that highly asymmetric
lineshapes were observed in experiments, our theoretical
study predicts that highly correlated noise is unlikely to
be present in the semiconductor system, and purely elec-
tronic coherences are unlikely to induce long-lived 2D os-
cillations. This is in line with the experimental observa-
tions where the lifetime of oscillatory 2D signals is similar
to that of the optical coherences of the heavy- and light-
hole excitons18. The authors of Ref. 18 concluded that
partially correlated noise is present in their system. We
note that the exciton splitting of the semiconductor sys-
tem was found to be in the range of 1200 ∼ 1600 cm−118,
depending on the sample preparation. For such a large
exciton splitting, our results predict that non-secular ef-
fects are unlikely to induce notable features in oscillatory
2D signals. This is in line with the experimental 2D spec-
tra where oscillatory features are present only at rephas-
ing cross-peaks and non-rephasing diagonal-peaks18.
In Refs. 52 and 53, it was suggested that the non-
secular interaction between exciton populations and
inter-excitonic coherences may induce oscillatory features
in the rephasing diagonal-peaks of the photosystem II
reaction center and the FMO complex. Our results sup-
port the claim that electronic coherences can induce such
diagonal oscillations in the rephasing spectra, mediated
by non-secular couplings, as the exciton splittings of the
photosynthetic systems are relatively small, typically in
the range of 100 ∼ 200 cm−152,53. However, our quanti-
tative analysis demonstrates that non-secular effects may
be dominated by the interaction between inter-excitonic
coherences, rather than the mixing of exciton popula-
tions and inter-excitonic coherences, depending on the
model parameters. A detailed quantitative analysis with
a beating map may be helpful for the identification of the
microscopic origin of the oscillatory 2D signals of photo-
synthetic complexes, at least for simulated 2D spectra.
We note that in Refs. 52 and 53, it was suggested that
non-secular terms may be related to the functional rele-
vance of the inter-excitonic coherences in exciton trans-
port, as these non-secular terms couple the dynamics of
the inter-excitonic coherences to that of exciton popula-
tions. Our results demonstrate that non-secular effects
are suppressed as correlations in the noise increase, which
suggests the possibility that there could be a trade-off
between non-secular effects and the lifetime of purely
electronic coherences. A further theoretical investigation
based on non-Markovian quantum master equations59,60,
and numerically exact methods such as TEDOPA23,26
and hierarchical equations of motion (HEOM)61–63, could
be helpful for the identification of the trade-off relation.
In our simulations, each time interval, i.e. t1, t2, t3,
of the response function was described independently us-
ing the Bloch-Redfield equation, with the Born-Markov
approximation where the phonon bath is in its equilib-
rium state in the electronic ground state manifold for
all times. We note that the non-equilibrium dynam-
ics of the phonon bath can induce the correlations be-
tween different time intervals and lead to much richer
spectral lineshapes beyond the Lorentzians64,65. In the
spatially correlated noise model, slow bath relaxation or
a strong coupling of electronic states to a phonon envi-
ronment can induce notable temporal correlations, which
can be studied using numerically exact methods, such
as HEOM54,61,62. Such a study of temporal and spatial
correlations is beyond the scope of this work. Tempo-
ral correlations also play an important role in a vibronic
model where underdamped vibrational modes modulate
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2D lineshapes66. We also note that absorption lineshapes
computed by using exact methods can show quantitative
differences from those computed by using approximate
methods55,67,68. Exact simulations of absorption and 2D
spectra will be helpful for fully characterizing the signa-
tures of correlated fluctuations. Such studies, which go
well beyond the scope of the present work, will be pur-
sued in a forthcoming work.
V. SUMMARY AND CONCLUSIONS
In this work, we investigated the influence of non-
secular couplings and spatial noise correlations on oscilla-
tory 2D signals in rephasing and non-rephasing spectra.
We employed the Bloch-Redfield formalism where we can
tune the degree of correlations in the noise, such that we
can cover the two extreme cases of uncorrelated and fully
correlated noise. We performed a beating map analysis
to identify the signatures of non-secular effects and noise
correlations in oscillatory 2D spectra.
For uncorrelated noise, we found that non-secular cou-
plings induce the mixing of exciton populations and
inter-excitonic coherences, which lead to oscillations cen-
tered at rephasing diagonal-peaks and non-rephasing
cross-peaks. With a developed quantitative method, we
showed that the mixing of different inter-excitonic coher-
ences is mainly responsible for the 2D oscillations induced
by non-secular couplings. We also showed that the un-
correlated noise can induce asymmetric lineshapes of 2D
peaks elongated along the excitation or detection axis.
For correlated noise, we showed that the non-secular
effects are suppressed by correlations in the noise. This
spatially correlated noise can induce long-lasting 2D os-
cillations centered at rephasing cross- and non-rephasing
diagonal-peaks, but with suppressed oscillatory features
in rephasing diagonal- and non-rephasing cross-peaks.
We also showed that correlations in the noise enforce
symmetry onto 2D lineshapes, hinting that the degree of
asymmetry in 2D lineshapes could be used to estimate to
what degree the noise is spatially correlated. Our results
demonstrate that a detailed analysis of the oscillatory
features in 2D electronic spectra may provide informa-
tion on the structure of vibrational environments, such as
correlations in the noise and the strength of non-secular
environmental couplings.
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Appendix A: Bloch-Redfield equation
The Bloch-Redfield equation is expressed as
dρ
dt
= − i
~
[He, ρ] +
2∑
j,k=1
(−sjV qjkV †ρ (A1)
+V qjkV
†ρsj − ρV qˆjkV †sj + sjρV qˆjkV †
)
,
where ρ denotes the density matrix of the dimer sys-
tem, V =
∑4
n=1 |ωn〉 〈an| is a unitary operator with{|ωn〉} representing the electronic eigenstates of the sys-
tem Hamiltonian He, defined by He |ωn〉 = ~ωn |ωn〉, in
an arbitrary basis {|an〉}, and the other terms are given
by
s1 = σ
+
1 σ
−
1 , (A2)
s2 = σ
+
2 σ
−
2 , (A3)
〈an| qjk |am〉 = 〈an|V †skV |am〉 1
2
Cjk(ωm − ωn), (A4)
〈an| qˆjk |am〉 = 〈an|V †skV |am〉 1
2
Ckj(ωn − ωm), (A5)
where the spectral functions Cjk(ω) are defined by
Cjk(ω) =
1
~2
∫ ∞
−∞
dτeiωτ
〈
eiHpτ/~Bje
−iHpτ/~Bk
〉
,
(A6)
B1 =
∑
k
~gk(η(b†1k + b1k) + ζ(b
†
2k + b2k)), (A7)
B2 =
∑
k
~gk(η(b†2k + b2k) + ζ(b
†
1k + b1k)). (A8)
More specifically, we consider the site basis, given by
|a1〉 = |g1, g2〉, |a2〉 = |e1, g2〉, |a3〉 = |g1, e2〉, |a4〉 =
|e1, e2〉. The spectral functions Cjk(ω) are reduced to
C11(ω) = C22(ω) = C(ω), (A9)
C12(ω) = C21(ω) = 2ηζC(ω), (A10)
C(ω) =
∑
k
2pig2k [(n(ωk) + 1)δ(ω − ωk) (A11)
+n(ωk)δ(ω + ωk)] ,
where n(ωk) = (exp(~ωk/kBT ) − 1)−1 is the mean
phonon number of a phonon mode with a frequency
of ωk at temperature T , while δ(x) denotes the Dirac
delta function. Based on the fact that 0 ≤ 2ηζ =
2η
√
1− η2 ≤ 1, we introduce a correlation length ξ to
quantify the degree of spatial correlations in the noise,
defined by exp(−d/ξ) = 2ηζ, where d denotes the spa-
tial distance between sites 1 and 2. When ξ  d,
C11(ω) = C22(ω) = C(ω) and C12(ω) = C21(ω) ≈ 0,
leading to local (or spatially uncorrelated) noise, while
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when ξ  d, Cjk(ω) ≈ C(ω) for all j and k, leading
to fully correlated noise. An intermediate case of ξ ∼ d
leads to partially correlated noise. The correlated noise
is known to enhance the lifetime of electronic coherences
in the single excitation subspace36,39–44. This is contrary
to the anti-correlated noise defined by ζ = −
√
1− η2
in Eq. (11), which is known to suppress the lifetime of
excited state coherences40,43. In this work, we do not
consider the anti-correlated noise, as we are interested in
the scenario that correlations in the noise enhance the
lifetime of excited state coherences, leading to long-lived
oscillatory 2D signals. Therefore, the spectral functions
Cjk(ω) in the presence of spatially correlated noise can
be summarized as
C11(ω) = C22(ω) = C(ω), (A12)
C12(ω) = C21(ω) = e
−d/ξC(ω). (A13)
In the continuous limit of phonon modes, leading to a
phonon bath, the spectral function C(ω) is reduced to
C(ω) =

2piJ (ω)(n(ω) + 1) ω > 0,
2piJ (|ω|)n(|ω|) ω < 0,
limω→0 2piJ (ω)n(ω) ω = 0,
(A14)
where J (ω) is the phonon spectral density that describes
the phonon mode density weighted by the electron-
phonon coupling strength gk and satisfies J (0) = 0. In
this work, J (ω) is modeled by a shifted Ohmic spec-
tral density described in Eq. (12). The shift Ωs of the
Ohmic spectral density can make C(0)  C (|2 − 1|)
(cf. Eq. (A14)), for instance, when Ωs ≈ |2 − 1|, such
that the pure dephasing rates proportional to C(0) are
smaller than the relaxation rate between single exciton
states |1〉 and |2〉. We note that the pure dephasing and
relaxation rates are not only determined by the spec-
tral function C(ω), but also by the system parameters
of the electronic Hamiltonian, described by sj and V in
Eqs. (A1), (A4) and (A5).
Appendix B: 2D electronic spectroscopy
In 2D experiments, three excitation pulses interact
with a molecular system and the resultant third-order
optical response of the system is measured as a function
of the time delays between the first and second, the sec-
ond and third, and the third excitation pulse and the
emitted signal from the molecular system. These time
delays are called coherence time t1, waiting time t2 and
rephasing time t3, respectively. The Fourier transforma-
tion of the response function with respect to t1 and t3
leads to 2D spectra as a function of excitation frequency
ω1 and detection frequency ω3. When the pulse dura-
tion of the excitation pulses is short enough, the excita-
tion fields can be approximately described by the Dirac
delta function in the time domain, for which the third-
order optical response function can be described within
the rotating wave approximation in the impulsive limit.
This is equivalent to the assumption that the laser spec-
trum is broad enough to cover the electronic states of the
dimer system in the frequency domain. When the laser
spectrum is not broad enough for a given system, one
needs to take into account the pulse duration explicitly
in 2D simulations69. For the waiting times longer than
the pulse duration, it was found that the finite pulse du-
ration mainly acts as a frequency filter70.
Within the rotating wave approximation in the impul-
sive limit, rephasing 2D spectra are formally expressed
as
SR(ω1, t2, ω3) =
∫ ∞
0
dt1
∫ ∞
0
dt3e
−i(ω1t1−ω3t3) (B1)
× [RGSB +RSE −RESA],
where RGSB, RSE and RESA denote the ground state
bleaching (GSB), stimulated emission (SE) and excited
state absorption (ESA) contributions to the rephasing
spectra, respectively:
RGSB(t1, t2, t3) = tr[µ
−u(t3)[µ+u(t2)[u(t1)[ρeqµ−]µ+]]],
(B2)
RSE(t1, t2, t3) = tr[µ
−u(t3)[u(t2)[µ+u(t1)[ρeqµ−]]µ+]],
(B3)
RESA(t1, t2, t3) = tr[µ
−u(t3)[µ+u(t2)[µ+u(t1)[ρeqµ−]]]],
(B4)
with ρeq representing the equilibrium state in the elec-
tronic ground state manifold, u(t) is a formal representa-
tion of the propagator, determined by the Bloch-Redfield
equation in this work. Here µ± denote the transition
dipole operators of the molecular system, describing the
optical transition between ground and excited states by
the excitation pulses
µ+ = (eˆ · ~d1)σ+1 + (eˆ · ~d2)σ+2 , (B5)
µ− = (eˆ · ~d1)σ−1 + (eˆ · ~d2)σ−2 , (B6)
where eˆ denotes the polarization direction of the excita-
tion pulses, which are all assumed to be parallel in this
work, while ~dk represents the transition dipole moment
of site k. In 2D simulations, we take into account the
rotational averaging of the dipole moments ~dk with re-
spect to the polarization direction eˆ, as we are considering
2D measurements of an ensemble of dimers. We assume
that the sites 1 and 2 have mutually orthogonal transi-
tion dipoles with the same magnitude, i.e. ~d1 · ~d2 = 0 and
~d1 · ~d1 = ~d2 · ~d2. In the GSB pathway, the system is in
the ground state during waiting time t2, while in the SE
and ESA pathways, the system is in the single excitation
subspace during t2. Within our model, the oscillatory
2D signals originate only from the SE and ESA contri-
butions, as we are not considering ground state vibra-
tional coherences induced by underdamped vibrational
motions.
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Similarly, non-rephasing 2D spectra can be formally
expressed as
SN (ω1, t2, ω3) =
∫ ∞
0
dt1
∫ ∞
0
dt3e
i(ω1t1+ω3t3) (B7)
× [NGSB +NSE −NESA],
where the GSB, SE and ESA contributions are expressed
as
NGSB(t1, t2, t3) = tr[µ
−u(t3)[µ+u(t2)[µ−u(t1)[µ+ρeq]]]],
(B8)
NSE(t1, t2, t3) = tr[µ
−u(t3)[u(t2)[u(t1)[µ+ρeq]µ−]µ+]],
(B9)
NESA(t1, t2, t3) = tr[µ
−u(t3)[µ+u(t2)[u(t1)[µ+ρeq]µ−]]].
(B10)
Appendix C: Inhomogeneous broadening
Here we demonstrate how oscillatory features in the
beating map are affected by inhomogeneous broadening.
In Fig. 7, we consider uncorrelated disorder, where the
site energies Ω1 and Ω2 of a dimer are described by two
independent Gaussian distributions centered at the av-
erage values of 〈Ω1〉 and 〈Ω2〉, respectively. Here we
consider the same full width at half maximum (FWHM)
for both Gaussian distributions, and employ the model
parameters of the heterodimer used in Fig. 6, where
~〈Ω1〉 = 12600 cm−1 and ~〈Ω2〉 = 12400 cm−1. Figs. 7(a)
and (b) show the rephasing and non-rephasing beating
maps, respectively, for the case of uncorrelated fluctua-
tions (i.e. ξ = 10−3d) with the inhomogeneous broad-
ening modeled by a FWHM of 50 cm−1. Compared to
Figs. 6(a) and (e), where the inhomogeneous broadening
is not considered, the overall 2D lineshapes in Figs. 7(a)
and (b) become broader due to the inhomogeneous broad-
ening. However, the oscillatory features in the rephasing
diagonal-peaks and non-rephasing cross-peaks (i.e. non-
secular effects) and the asymmetric 2D lineshapes elon-
gated along ω1-axis are still visible. As the FWHM in-
creases further, the 2D lineshapes are elongated along
the diagonal (ω1 = ω3), but non-secular effects are still
visible for a FWHM of 100 cm−1, as shown in Figs. 7(c)
and (d). This is somewhat relevant, as the static disorder
of the FMO complex has been modeled by a FWHM of
∼ 100 cm−1 in other works54,71. On the other hand, for
the case of correlated fluctuations, the rephasing beat-
ing map shows strong elongation of a cross-peak along
diagonal, as shown in Fig. 7(e), while the non-rephasing
beating map shows a relatively symmetric 2D lineshape
of a diagonal peak, as shown in Fig. 7(f). This is due to
the difference in the phase distributions of the rephasing
and non-rephasing spectra in the (ω1, ω3) domain
46,72.
Appendix D: Diagonalization of the Liouville space operator
Within the Bloch-Redfield formalism, the oscillatory
signals in rephasing spectra are induced by excited state
coherences described by the stimulated emission (SE)
and excited state absorption (ESA) contributions in the
theory of 2D spectroscopy6 (cf. Eqs. (B3) and (B4)).
Here we show how the SE contribution to the oscilla-
tory rephasing signals can be described quantitatively
to identify the role of non-secular couplings and spatial
noise correlations in the beating map. The analytical ap-
proach, which will be presented below, can be generalized
to the ESA contribution to the rephasing spectra as well
as to the SE and ESA contributions to the non-rephasing
spectra. The analysis is based on the diagonalization of
the Liouville space operator. This approach can be gen-
eralized to the other quantum master equations beyond
the Bloch-Redfield equation employed in this work.
The lineshape of 2D spectra along excitation axis ω1
is determined by the dynamics of optical coherences be-
tween ground state and singly excited states during the
coherence time t1. In the exciton basis, the optical co-
herences are expressed as ρg1(t1) |g〉 〈1|+ ρg2(t1) |g〉 〈2|
where the time evolution of ρg1(t1) and ρg2(t1) is gov-
erned by
d
dt1
(
ρg1(t1)
ρg2(t1)
)
=
(
X11 X12
X21 X22
)(
ρg1(t1)
ρg2(t1)
)
, (D1)
where the super-operator X describes both the Hamilto-
nian dynamics and decoherence. For the Bloch-Redfield
equation summarized in Appendix A, the elements of X
are given by
X11 = −1
4
C(0)(2− (1− e−d/ξ)s2(2θ)) (D2)
− 1
4
C(−∆)(1− e−d/ξ)s2(2θ) + i1,
X22 = −1
4
C(0)(2− (1− e−d/ξ)s2(2θ)) (D3)
− 1
4
C(∆)(1− e−d/ξ)s2(2θ) + i2,
X12 =
1
8
(C(0)− C(∆))(1− e−d/ξ)s(4θ), (D4)
X21 = −1
8
(C(0)− C(−∆))(1− e−d/ξ)s(4θ), (D5)
with s(φ) ≡ sin(φ), θ quantifies the delocalization of exci-
tons in the site basis, and ∆ = |2 − 1| denotes the exci-
ton splitting between |1〉 and |2〉 (see Eqs. (3) and (4)).
Here C(ω) represents the spectral function determined
by the phonon spectral density, as shown in Eq. (A14).
The lineshape of 2D spectra along the excitation axis
ω1 can be represented analytically by using the eigen-
states of the super-operator X, defined by X~xk = χk~xk.
In the exciton basis, the eigenvalue equation is given by(
X11 X12
X21 X22
)(
x
(k)
g1
x
(k)
g2
)
= χk
(
x
(k)
g1
x
(k)
g2
)
, (D6)
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FIG. 7. The rephasing and non-rephasing beating maps of a heterodimer in the presence of inhomogeneous broadening. Here
we employed the model parameters used in Figs. 6(a), (b), (e) and (f): ~〈Ω1〉 = 12600 cm−1, ~〈Ω2〉 = 12400 cm−1 (the average
site energies), ~J = 100 cm−1, ~λ = 50 cm−1, γ = (50 fs)−1, ~Ωs ≈ 283 cm−1 (the exciton splitting for the average site energies)
and T = 77 K. In (a) and (b), the rephasing beating map at a positive frequency of ~ω2 = 283 cm−1 and the non-rephasing
beating map at a negative frequency of ~ω2 = −283 cm−1 are displayed, respectively, for the case that ξ = 10−3d (uncorrelated
fluctuations) and the inhomogeneous broadening is modeled by Gaussian distributions with a FWHM of 50 cm−1. In (c) and
(d), the rephasing and non-rephasing beating maps are displayed, respectively, for the case that ξ = 10−3d (uncorrelated
fluctuations) and the inhomogeneous broadening is modeled by a larger FWHM of 100 cm−1. In (e) and (f), the rephasing and
non-rephasing beating maps are displayed, respectively, for the case that ξ = 103d (correlated fluctuations) and the FWHM is
taken to be 100 cm−1.
where the eigenvector ~xk in the Liouville space corre-
sponds to an optical coherence xˆk in the Hilbert space
xˆk = x
(k)
g1 |g〉 〈1|+ x(k)g2 |g〉 〈2| , (D7)
satisfying ddt xˆk = χkxˆk with an associated eigenvalue of
χk. This implies that non-secular couplings X12 and X21
induce a mixing of two optical coherences |g〉 〈1| and
|g〉 〈2| in the exciton basis. The dynamics of the mixed
coherence is formally described by u(t1)[xˆk] = e
χkt1 xˆk.
The optical coherence created by the first excitation
pulse, i.e. |g〉 〈g|µ−, can be represented as a superpo-
sition of xˆk
|g〉 〈g|µ− =
2∑
j=1
|g〉 〈j |µgj =
2∑
k=1
αkxˆk, (D8)
where µgj represents the transition dipole strength be-
tween ground state |g〉 and the j-th exciton |j〉 for a
given realization of the transition dipole moments of sites
1 and 2 (cf. Eqs. (B5) and (B6)). The coefficient αk in
Eq. (D8) describes the effective transition dipole strength
between ground state |g〉 〈g| and mixed coherence xˆk,
given by (
α1
α2
)
=
(
x
(1)
g1 x
(2)
g1
x
(1)
g2 x
(2)
g2
)−1(
µg1
µg2
)
. (D9)
The dynamics of |g〉 〈g|µ− during time t1 is then ex-
pressed as
u(t1)[|g〉 〈g|µ−] =
2∑
k=1
αke
χkt1 xˆk, (D10)
and the Fourier transformation of eχkt1 determines the
lineshape of the homogeneously broadened 2D spectra
along the excitation axis ω1∫ ∞
0
dt1e
−iω1t1u(t1)[|g〉 〈g|µ−] =
2∑
k=1
αk
χk − iω1 xˆk.
(D11)
Here the real and imaginary parts of the eigenvalue χk
of xˆk, denoted by Re[χk] and Im[χk], respectively, de-
termine the homogeneous broadening and peak location,
respectively, of the k-th Lorentzian peak along the exci-
tation axis. The non-secular couplings X12 and X21 in
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Eq. (D1) can make the imaginary part of χk deviate from
the eigenvalue k of the system Hamiltonian (cf. Eqs. (7)
and (8)), implying that 2D peak locations can be shifted
by non-secular effects.
These results imply that the dynamics of the eigen-
states xˆ1 and xˆ2 of the super-operator X lead to the lower
and higher energy peaks, respectively, along the excita-
tion axis (cf. Figs. 2-6). When the off-diagonal compo-
nents X12 and X21 are comparable or larger in magni-
tude than the difference in the diagonal components X11
and X22, e.g. |X12| & |X11 −X22|, the eigenstates xˆk be-
come a superposition of the optical coherences |g〉 〈1| and
|g〉 〈2| in the exciton basis. We note that the difference
in X11 and X22 is larger in magnitude than the exciton
splitting, i.e. |X11 −X22| ≥ |Im[X11 −X22]| = |2 − 1|,
indicating that, as expected, the non-secular effects are
suppressed as the exciton splitting increases. The mixing
is also suppressed by correlations in the noise, i.e. X11,
X22 6= 0 and X12, X21 → 0 as
(
1− e−d/ξ) → 0 in
Eqs. (D2)-(D5).
So far we have analyzed the dynamics of the optical
coherences created by the first excitation pulse. We now
consider the populations and coherences within the sin-
gle excitation subspace created by the second excitation
pulse. The population or coherence in the excited state
manifold is expressed in the exciton basis as
2∑
i,j=1
ρij(t2) |i〉 〈j |, (D12)
whose dynamics are governed by the super-operator Y ,
d
dt2
ρ11(t2)ρ22(t2)ρ12(t2)
ρ21(t2)
 =
Y11,11 Y11,22 Y11,12 Y11,21Y22,11 Y22,22 Y22,12 Y22,21Y12,11 Y12,22 Y12,12 Y12,21
Y21,11 Y21,22 Y21,12 Y21,21

ρ11(t2)ρ22(t2)ρ12(t2)
ρ21(t2)
 .
(D13)
For the Bloch-Redfield equation, the elements Yjk,lm of
Y are given by
Y11,11 Y11,22 Y11,12 Y11,21Y22,11 Y22,22 Y22,12 Y22,21Y12,11 Y12,22 Y12,12 Y12,21
Y21,11 Y21,22 Y21,12 Y21,21
 =
0 0 0 00 0 0 00 0 −i(1 − 2) 0
0 0 0 −i(2 − 1)
+ 1− e−d/ξ
4
 −2C(−∆)s
2(2θ) 2C(∆)s2(2θ)
2C(−∆)s2(2θ) −2C(∆)s2(2θ)
C(−∆)s(4θ) −C(∆)s(4θ)
C(−∆)s(4θ) −C(∆)s(4θ)
C(0)s(4θ) C(0)s(4θ)
−C(0)s(4θ) −C(0)s(4θ)
−(C(∆) + C(−∆))s2(2θ)− 4C(0)c2(2θ) (C(∆) + C(−∆))s2(2θ)
(C(∆) + C(−∆))s2(2θ) −(C(∆) + C(−∆))s2(2θ)− 4C(0)c2(2θ)
 ,
(D14)
with c(φ) ≡ cos(φ). The first term on the right hand
side in Eq. (D14) shows the Hamiltonian contribution to
the system dynamics, which is proportional to the exci-
ton splitting of 2 − 1. This implies that as the exciton
splitting increases in magnitude, the difference in diago-
nal components of Y increases, and as a result the non-
secular interactions between exciton populations ρii(t)
and inter-excitonic coherences ρij(t) with i 6= j, and
those between different inter-excitonic coherences ρ12(t)
and ρ21(t) are suppressed. The second term on the right
hand side in Eq. (D14) describes decoherence within the
single excitation subspace. The factor (1 − e−d/ξ) in
Eq. (D14) shows that in the long correlation length limit,
i.e. ξ  d, there is no decoherence in the single excitation
subspace, and the dynamics of the singly excited states
are governed by the Hamiltonian only. The dynamics of
these singly excited states can be described by the eigen-
states yˆl of the super-operator Y , satisfyingY11,11 Y11,22 Y11,12 Y11,21Y22,11 Y22,22 Y22,12 Y22,21Y12,11 Y12,22 Y12,12 Y12,21
Y21,11 Y21,22 Y21,12 Y21,21


y
(l)
11
y
(l)
22
y
(l)
12
y
(l)
21
 = υl

y
(l)
11
y
(l)
22
y
(l)
12
y
(l)
21
 ,
(D15)
which is expressed in the exciton basis as
yˆl =
2∑
i,j=1
y
(l)
ij |i〉 〈j |. (D16)
The time evolution of the eigenstate yˆl is formally ex-
pressed as u(t2)[yˆl] = e
υlt2 yˆl where the real and imag-
inary parts of the eigenvalue υl describe the decay and
phase evolution, respectively, of the eigenstate yˆl. The
phase evolution leads to oscillatory 2D signals. For
the dimer system considered in simulations, we found
that two of the eigenvalues υl have imaginary parts,
which are approximately given by Im[υ1] ≈ |2 − 1| and
Im[υ2] ≈ − |1 − 2|. The associated two eigenstates yˆ1
and yˆ2 are responsible for the oscillatory 2D signals with
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positive and negative frequencies, respectively. The other
eigenstates yˆ3 and yˆ4 have negligible imaginary parts, im-
plying that they are responsible for non-oscillatory 2D
signals, such as exponential and static t2-transients. The
time evolution of the SE contribution during the waiting
time t2 can be expressed as
u(t2)[µ
+u(t1)[|g〉 〈g|µ−]] =
2∑
k=1
αke
χkt1u(t2)[µ
+xˆk]
(D17)
=
2∑
k=1
αke
χkt1
4∑
l=1
βkle
υlt2 yˆl,
(D18)
where µ+xˆk =
∑4
l=1 βklyˆl with βkl representing the effec-
tive transition dipole strength between eigenstates xˆk and
yˆl. In 2D simulations, one can calculate the beating map
directly by removing the non-oscillatory components yˆ3
and yˆ4 from Eq. (D18), then Fourier transforming e
υlt2
which leads to the l-th Lorentzian peak along the ω2-axis
(cf. l = 1, 2).
Finally we consider the dynamics of the optical coher-
ences ρ1g(t3) |1〉 〈g|+ρ2g(t3) |2〉 〈g| created by the third
excitation pulse, whose dynamics during rephasing time
t3 are described by
d
dt3
(
ρ1g(t3)
ρ2g(t3)
)
=
(
X∗11 X
∗
12
X∗21 X
∗
22
)(
ρ1g(t3)
ρ2g(t3)
)
. (D19)
The eigenstates of the super-operator X∗ are given by
xˆ∗k =
(
x
(k)
g1
)∗
|1〉 〈g|+
(
x
(k)
g2
)∗
|2〉 〈g| , (D20)
with the associated eigenvalues χ∗k. Here χ
∗
k (or xˆ
∗
k) is
the complex conjugate (or adjoint) of χk (or xˆk). The
SE contribution to the rephasing spectra (cf. Eq. (B3))
is then expressed as
RSE(t1, t2, t3) =
2∑
k,m=1
4∑
l=1
αke
χkt1βkle
υlt2γlme
χ∗mt3tr[µ−xˆ∗m],
(D21)
where yˆlµ
+ =
∑2
m=1 γlmxˆ
∗
m and γlm denotes the effec-
tive transition dipole strength between eigenstates yˆl and
xˆ∗m. The summations over k, l,m, where k ∈ {1, 2},
l ∈ {1, 2, 3, 4} and m ∈ {1, 2}, lead to 16 different Feyn-
man pathways for the SE contribution to the rephasing
spectra. Since only yˆ1 and yˆ2 are responsible for oscilla-
tory 2D signals, there are only eight Feynman pathways
with l ∈ {1, 2} contributing to the beating map. Thus,
the SE contribution to the oscillatory rephasing signals
in the (ω1, ω3) domain can be expressed as
RSE(ω1, t2, ω3) =
2∑
k,l,m=1
Aklm(ω1, ω3)e
υlt2 , (D22)
where the two-dimensional amplitude Aklm(ω1, ω3) de-
scribes a Lorentzian peak centered at (ω1, ω3) =
(Im[χk],−Im[χ∗m]), weighted by the effective transition
dipole strength
Aklm(ω1, ω3) =
〈αkβklγlmtr[µ−xˆ∗m]〉
(χk − iω1)(χ∗m + iω3)
, (D23)
where the homogeneous broadenings along ω1- and ω3-
axes are determined by the real part of the eigenvalues χk
and χ∗m, respectively. Here 〈αkβklγlmtr[µ−xˆ∗m]〉 denotes
the rotational average (ensemble) of the effective tran-
sition dipole strength (cf. Appendix B). These results
show that yˆl=1,2 can induce oscillatory rephasing signals
centered at (ω1, ω3) = (Im[χk],−Im[χ∗m]) when the asso-
ciated transition dipole strength 〈αkβklγlm tr [µ−xˆ∗m]〉 is
not zero.
When the optical coherences xˆk=1,2 are approxi-
mately represented by xˆk=1,2 ≈ |g〉 〈k|, the eigenstates
yˆl=1,2 can induce 2D oscillations centered at rephas-
ing lower diagonal-peak R11 when the Feynman path-
way of |g〉 〈g| → xˆ1 → yˆl → xˆ∗1 → |g〉 〈g| has a non-
zero transition dipole strength. Here the transition from
xˆ1 ≈ |g〉 〈1| to yˆl is allowed when yˆl |1〉 6= 0, and
the transition from yˆl to xˆ
∗
1 ≈ |1〉 〈g| is allowed when
〈1| yˆl 6= 0. These conditions are not satisfied within
the secular approximation36 where yˆ1 = |1〉 〈2| and
yˆ2 = |2〉 〈1| and the super-operator Y is approximated
by
d
dt2
ρ11(t2)ρ22(t2)ρ12(t2)
ρ21(t2)
 =
Y11,11 Y11,22 0 0Y22,11 Y22,22 0 00 0 Y12,12 0
0 0 0 Y21,21

ρ11(t2)ρ22(t2)ρ12(t2)
ρ21(t2)
 .
(D24)
On the other hand, in the presence of non-secular cou-
plings, the eigenstates yˆl=1,2 become a mixture of differ-
ent inter-excitonic coherences |1〉 〈2| and |2〉 〈1| and
exciton populations |1〉 〈1| and |2〉 〈2|, which are for-
mally expressed as yˆl = y
(l)
12 |1〉 〈2| + y(l)21 |2〉 〈1| +
y
(l)
11 |1〉 〈1|+ y(l)22 |2〉 〈2|. As shown in Appendix E, the
conditions of yˆl |1〉 6= 0 and 〈1| yˆl 6= 0 can be satis-
fied for the homo- and heterodimers considered in our
simulations. For the homodimer, non-secular interac-
tion between populations and coherences is absent, as
shown in Eq. (E1), where the eigenstates yˆl=1,2 are the
mixtures of different inter-excitonic coherences only, i.e.
yˆl=1,2 = y
(l)
12 |1〉 〈2|+ y(l)21 |2〉 〈1|, as shown in Eqs. (E2)
and (E3). In this case, the dynamics of exciton pop-
ulations are decoupled from those of inter-excitonic co-
herences, but the non-secular interaction between coher-
ences can induce rephasing diagonal-peak oscillations.
For the heterodimer, all the exciton populations and
inter-excitonic coherences are coupled to one another and
induce a population-coherence mixing in the eigenstates
yˆl=1,2, which also lead to oscillations centered at rephas-
ing diagonal peaks. We found that for the model param-
eters used in our simulations, the mixing is dominated by
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inter-excitonic coherences, and the contribution of exci-
ton populations to yˆl=1,2 is relatively small, as shown in
Eqs. (E9) and (E10). A detailed quantitative description
of non-secular effects with associated Feynman diagrams
is provided in Appendix E.
Finally, we note that the asymmetric lineshape in the
beating map originates from the fact that the lower and
higher energy peaks have different homogeneous broad-
enings. When the spectral function satisfies C (∆) >
C (0), as is the case of the model parameters used in this
work, relaxation dominates the homogeneous broaden-
ing, and the higher energy peak shows a larger broaden-
ing than the lower energy peak, described by |Re[χ1]| <
|Re[χ2]|. This leads to asymmetric lineshapes in the beat-
ing map, as shown in Figs. 4(a) and (b). As correlations
in the noise increase, the super-operator X is governed
by the pure dephasing noise described by C (0), as shown
in Eqs. (D2)-(D5), where the relaxation described by
C (±∆) does not contribute to the homogeneous broad-
ening, leading to |Re[χ1]| ≈ |Re[χ2]| and symmetric line-
shapes in the beating map, as shown in Figs. 4(g) and
(h).
Appendix E: Non-secular effects
Here we apply the quantitative method developed in
Appendix D to the model parameters of homo- and het-
erodimers considered in our simulations. We show that
the mixing of inter-excitonic coherences is mainly respon-
sible for the oscillations centered at rephasing diagonal
peaks.
For the model parameters of the homodimer with
ξ = 10−3d (i.e. local phonon baths), the off-diagonal
terms X12 and X21 in Eqs. (D4) and (D5) are zero, as
sin(4θ) = 0 with θ = pi/4 (cf. Eqs. (3) and (4)). This im-
plies that the eigenstates of the super-operator X (or
X∗) are given by xˆ1 = |g〉 〈1| and xˆ2 = |g〉 〈2| (or
xˆ∗1 = |1〉 〈g| and xˆ∗2 = |2〉 〈g|). In this case, the super-
operator Y is reduced to
d
dt2
ρ11(t2)ρ22(t2)ρ12(t2)
ρ21(t2)
 =
Y11,11 Y11,22 0 0Y22,11 Y22,22 0 00 0 Y12,12 Y12,21
0 0 Y21,12 Y21,21

ρ11(t2)ρ22(t2)ρ12(t2)
ρ21(t2)
 ,
(E1)
as sin(4θ) = 0 (cf. Eq. (D14)), which shows that the dy-
namics of exciton populations ρii(t2) are decoupled from
those of inter-excitonic coherences ρij(t2) with i 6= j.
However, the non-zero off-diagonal components Y12,21
and Y21,12 induce non-secular interactions between differ-
ent inter-excitonic coherences ρ12(t2) and ρ21(t2). Even
though the off-diagonal components ~Y12,21 = ~Y21,12 ≈
53 cm−1 are an order of magnitude smaller than the
difference in diagonal components, ~ |Y12,12 − Y21,21| ≈
400 cm−1, the eigenstates yˆl=1,2 of the super-operator Y
show a notable mixing of different inter-excitonic coher-
ences:
yˆ1 ≈ 0.991 |1〉 〈2| − 0.133 i |2〉 〈1| , (E2)
yˆ2 ≈ 0.133 i |1〉 〈2|+ 0.991 |2〉 〈1| , (E3)
yˆ3 ≈ 0.717 |1〉 〈1| − 0.717 |2〉 〈2| , (E4)
yˆ4 ≈ 0.999 |1〉 〈1|+ 0.024 |2〉 〈2| , (E5)
with the associated eigenvalues given by ~υ1 = (−53 +
193 i) cm−1, ~υ2 = (−53−193 i) cm−1, ~υ3 = −105 cm−1
and υ4 = 0. The first eigenstate yˆ1 is a superposition of
the inter-excitonic coherences |1〉 〈2| and |2〉 〈1| due to
the non-secular couplings Y12,21 and Y21,12. The imagi-
nary part of the associated eigenvalue Im[υ1] ≈ 193 cm−1
shows that yˆ1 leads to a positive frequency component
in the beating map with a beating frequency of ω2 ≈
193 cm−1. Due to the non-secular effects, the beating
frequency is slightly different from the exciton splitting
of 2 − 1 = 200 cm−1. Similarly, the second eigen-
state yˆ2 is a superposition of the inter-excitonic coher-
ences, but it has a larger amplitude in |2〉 〈1| than in
|1〉 〈2|, contrary to yˆ1. This results in the imaginary
part of the associated eigenvalue having the opposite
sign, Im[υ2] ≈ −193 cm−1, implying that yˆ2 leads to a
negative frequency component in the beating map with
ω2 ≈ −193 cm−1. The eigenvalues of the other eigen-
states yˆ3 and yˆ4 do not contain imaginary parts, implying
that they are associated with non-oscillatory 2D signals:
υ3 < 0 and υ4 = 0 indicate that yˆ3 describes the relax-
ation of exciton populations, while yˆ4 is an equilibrium
state within the excited state manifold.
Fig. 8 shows the Feynman diagrams of the SE contribu-
tion to the oscillatory rephasing signals for the homod-
imer. Figs. 8(a) and (b) show the Feynman diagrams
responsible for the oscillations in the rephasing cross-
peaks R21 and R12, respectively. Here the eigenstates
yˆ1 ≈ |1〉 〈2| − iδ |2〉 〈1| and yˆ2 ≈ |2〉 〈1| + iδ |1〉 〈2|
are approximately represented in terms of a small am-
plitude 0 < δ < 1. Note that the optical transitions
xˆ2 → yˆ1 → xˆ∗1 in Fig. 8(a) and xˆ1 → yˆ2 → xˆ∗2 in Fig. 8(b)
are allowed even in the absence of the small amplitude δ.
On the other hand, Fig. 8(c) shows the Feynman diagram
responsible for the positive frequency component in the
rephasing diagonal-peak R11, where the optical transi-
tion xˆ1 → yˆ1 is allowed only if the small amplitude δ is
non-zero, i.e. xˆ1 = |g〉 〈1| → −iδ |2〉 〈1|+ |1〉 〈2| ≈ yˆ1,
as a direct transition from |g〉 〈1| to |1〉 〈2| is forbidden.
This implies that the mixing δ of different inter-excitonic
coherences induced by the non-secular couplings Y12,21
and Y21,12 allows the transition xˆ1 → yˆ1 → xˆ∗1 in Fig. 8(c)
to occur, leading to oscillations centered at the rephas-
ing diagonal-peak R11. Similarly, Fig. 8(d) shows the
Feynman diagram that induces the negative frequency
component in the rephasing diagonal-peak R11.
We now consider the model parameters of the het-
erodimer with ξ = 10−3d (i.e. local phonon baths). In
this case, the off-diagonal components X12 and X21 are
non-zero, which makes the eigenstates xˆ1 and xˆ2 of the
super-operator X be in a superposition of the optical co-
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(a) R21 (pos.)
| g 〉 〈 g |
xˆ1 = | g 〉 〈ǫ1|
yˆ2 ≈ |ǫ2〉 〈ǫ1|+ iδ |ǫ1〉 〈ǫ2|
xˆ∗2 = |ǫ2〉 〈 g |
| g 〉 〈 g |
(b) R12 (neg.)
| g 〉 〈 g |
| g 〉 〈 g |
xˆ2 = | g 〉 〈ǫ2|
yˆ1 ≈ |ǫ1〉 〈ǫ2| − iδ |ǫ2〉 〈ǫ1|
xˆ∗1 = |ǫ1〉 〈 g |
(c) R11 (pos.)
| g 〉 〈 g |
xˆ1 = | g 〉 〈ǫ1|
| g 〉 〈 g |
xˆ∗1 = |ǫ1〉 〈 g |
(d) R11 (neg.)
| g 〉 〈 g |
xˆ1 = | g 〉 〈ǫ1|
| g 〉 〈 g |
xˆ∗1 = |ǫ1〉 〈 g |
yˆ2 ≈ |ǫ2〉 〈ǫ1|+ iδ |ǫ1〉 〈ǫ2|yˆ1 ≈ |ǫ1〉 〈ǫ2| − iδ |ǫ2〉 〈ǫ1|
FIG. 8. The Feynman diagrams of the SE contribution to
the oscillatory signals in the rephasing spectra of a homod-
imer. In (a) and (b), the Feynman diagrams responsible for
the oscillatory signals in the rephasing cross-peaks R21 and
R12 are displayed, respectively. In (c) and (d), the Feynman
diagrams responsible for the oscillatory signals in the rephas-
ing diagonal peak R11 are shown, which lead to positive and
negative frequency components, respectively. Here a small
amplitude δ, satisfying 0 < δ < 1, is employed to approxi-
mately represent the eigenstates yˆ1 and yˆ2 (see Eqs. (E2) and
(E3)).
(a) R22 (pos.)
| g 〉 〈 g |
xˆ2 ≈ δ1 | g 〉 〈ǫ1|+ | g 〉 〈ǫ2|
yˆ2 ≈ |ǫ2〉 〈ǫ1|+ δ∗2 |ǫ1〉 〈ǫ2|
xˆ∗2 ≈ |ǫ2〉 〈 g |+ δ∗1 |ǫ1〉 〈 g |
| g 〉 〈 g |
(b) R22 (neg.)
| g 〉 〈 g |
| g 〉 〈 g |
yˆ1 ≈ |ǫ1〉 〈ǫ2|+ δ2 |ǫ2〉 〈ǫ1|
xˆ∗2 ≈ δ∗1 |ǫ1〉 〈 g |+ |ǫ2〉 〈 g |
xˆ2 ≈ | g 〉 〈ǫ2|+ δ1 | g 〉 〈ǫ1|
FIG. 9. The Feynman diagrams of the SE contribution to the
oscillatory signals in the rephasing spectra of a heterodimer.
In (a) and (b), the Feynman diagrams responsible for the
oscillations in the rephasing diagonal-peak R22 are displayed,
which induce positive and negative frequency components,
respectively. Here |δ1| < 1 and |δ2| < 1 are small amplitudes
induced by non-secular effects.
herences |g〉 〈1| and |g〉 〈2| in the exciton basis, given
by
xˆ1 ≈ 0.999 |g〉 〈1|+ 0.005e1.69 i |g〉 〈2| , (E6)
xˆ2 ≈ 0.993 |g〉 〈2|+ 0.115e−1.45 i |g〉 〈1| . (E7)
The super-operator Y is reduced to
d
dt2
ρ11(t2)ρ22(t2)ρ12(t2)
ρ21(t2)
 =
Y11,11 Y11,22 Y11,12 Y11,21Y22,11 Y22,22 Y22,12 Y22,21Y12,11 Y12,22 Y12,12 Y12,21
Y21,11 Y21,22 Y21,12 Y21,21

ρ11(t2)ρ22(t2)ρ12(t2)
ρ21(t2)
 ,
(E8)
which includes additional non-zero off-diagonal elements,
such as Y12,22, inducing the non-secular coupling between
exciton populations and inter-excitonic coherences. The
eigenstates of the super-operator Y are given by
yˆ1 ≈ 0.997 |1〉 〈2|+ 0.061e−1.59 i |2〉 〈1| (E9)
+ 0.011e−1.53 i |1〉 〈1|+ 0.011e1.61 i |2〉 〈2| ,
yˆ2 ≈ 0.061e1.59 i |1〉 〈2|+ 0.997 |2〉 〈1| (E10)
+ 0.011e1.53 i |1〉 〈1|+ 0.011e−1.61 i |2〉 〈2| ,
yˆ3 ≈ 0.169e1.55 i |1〉 〈2|+ 0.169e−1.55 i |2〉 〈1| (E11)
+ 0.686 |1〉 〈1| − 0.686 |2〉 〈2| ,
yˆ4 ≈ 0.999 |1〉 〈1|+ 0.005 |2〉 〈2| , (E12)
with the associated eigenvalues given by ~υ1 ≈ (−41 +
280 i) cm−1, ~υ2 ≈ (−41− 280 i) cm−1, ~υ3 ≈ −70 cm−1
and υ4 = 0. As is the case of the homodimer, the first
two eigenstates yˆ1 and yˆ2 are responsible for oscillatory
2D signals, while the other eigenstates yˆ3 and yˆ4 induce
exponential and static t2-transients, respectively. Note
that the eigenstates are mixtures of exciton populations
and inter-excitonic coherences due to non-secular effects.
Fig. 9 shows the Feynman diagrams of the SE contri-
bution to the oscillations in the rephasing diagonal-peak
R22 of the heterodimer. Contrary to the case of the ho-
modimer, the mixing of the optical coherences |g〉 〈1| and
|g〉 〈2| during coherence and rephasing times, described
by a small amplitude |δ1| < 1, enhances the diagonal
oscillations in the rephasing spectra.
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